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Necessary and sufficient conditions for deterministic remote extraction and destruction of qubit
information encoded in bipartite states using only local operations and classical communications
(LOCC) are presented. The conditions indicate that there is a way to asymmetrically spread qubit
information between two parties such that it can be remotely extracted with unit probability at one
of the parties but not at the other as long as they are using LOCC. Remote destruction can also
be asymmetric between the two parties, but the conditions are incompatible with those for remote
extraction.
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I. INTRODUCTION
Quantum information processing seeks to perform
tasks which are impossible or not efficient with the use
of conventional classical information processing, by using
systems described by quantum mechanics. We can con-
sider two kinds of quantum information tasks based on
the types input states: the classical input tasks and the
quantum input tasks. Whereas input states of the classi-
cal input tasks are quantum states but encode just classi-
cal information, input states of the quantum input tasks
encodes quantum information, of which unit is described
by a qubit α |e0〉 + β |e1〉 where α and β are unknown
complex parameters satisfying |α|2 + |β|2 = 1 and |e0〉
and |e1〉 are a fixed basis of a qubit. For example, quan-
tum algorithms [1] are classical input tasks and quantum
error correcting codes [2] and quantum universal optimal
cloning [3] are quantum input tasks. To investigate yet
unveiled full quantum potential of quantum information
processing, it is necessary to understand properties of
quantum input tasks.
In many quantum input tasks, how quantum informa-
tion is encoded in the larger Hilbert space of composite
systems determines the main functionality of the tasks.
For example, in quantum error correcting codes, qubit
information is encoded in a subspace of a larger Hilbert
space such that it can be still recovered after being in-
fluenced by certain errors (or noises) which map input
qubit information into the whole Hilbert space. The en-
coding process can be described by a transformation of
a computational basis {|i〉} where the original quantum
information is given into a set of orthogonal states in the
larger Hilbert space {|ψi〉}. In this picture, the proper-
ties of encoding for a task are captured by the choice of a
set of states {|ψi〉}, which represents how original quan-
tum information is spread across the Hilbert spaces of
subsystems.
Entanglement, or a non-local quantum correlation, of
an individual state is an essential resource for performing
quantum input tasks such as quantum teleportation [4],
namely, the existence of entanglement is necessary for
performing teleportation beyond the classical limit. To
analyze non-local properties of spread quantum informa-
tion described by the set of states is a way to characterize
how quantum information is spread by encoding. Here,
we use the word non-local to represent properties which
are not fully accessible by just using local operations on
the subspaces and classical communications (LOCC) but
global operations on the whole systems. For individual
states, the existence of this kind of non-locality is accom-
panied by the existence of entanglement.
However, it is also known that such non-local prop-
erties of a set of states can be essentially different from
non-locality of individual states. An important example
is a set of nine product states which cannot be locally
discriminated by using LOCC presented in [5] (the “non-
locality without entanglement” paper by Bennet et al.).
In this example, there is no entanglement in the quantum
states where classical information is encoded, therefore,
no entanglement resource required for encoding classi-
cal information, but it is not possible to decode (i.e.,
identify encoded classical information) deterministically
LOCC, without using entanglement resources. Entan-
glement properties of each encoded state does not fully
capture the non-local property appearing in the decoding
process. As it had been also pointed out in the context
of local copy and local state discrimination in [6], impos-
sibility of tasks involving LOCC transformation of a set
of states implies non-locality beyond individual entangle-
ment.
For characterizing non-locality of the spread of quan-
tum information, non-local resources required for decod-
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FIG. 1: Asymmetric remote extraction: We can encode single
qubit information into two parties where information can be
extracted only by using LOCC at Bob but not at Alice.
ing quantum information should be considered as well as
for encoding quantum information, since required mini-
mum resources for encoding process and decoding process
are not necessary the same in LOCC transformations. In
this paper, we focus on non-local resources required for
decoding processes and investigate properties of an ex-
treme case of spreading quantum information that does
not consume non-local resources for decoding. We study
a simple but fundamental case of spreading qubit infor-
mation into two-party states. We present necessary and
sufficient conditions for spreading qubit information into
bipartite states such that qubit information can be ex-
tracted by only using LOCC between the two parties.
We call this task remote extraction. In this task, since
we have to investigate simultaneous transformations of
two states {|ψ0〉 , |ψ1〉} under all possible LOCC, unlike
the case of a single known pure bipartite state where Lo-
Popescu Theorem [7] is applicable, the proof of necessity
is involved and it consists of seven steps. We also present
the explicit form of the LOCC for achieving the perfect
remote extraction.
Interestingly, the obtained conditions indicate that
qubit information can be asymmetrically spread into a
bipartite state. (Fig. 1). There is a way of encoding to
spread qubit information where it can be remotely ex-
tracted with unit probability at one of the parties but
not at the other as long as they are using LOCC. Thus,
we can introduce a non-local property of a set of states
in an asymmetric manner for two parties, whereas entan-
glement properties of an individual bipartite pure state
are always symmetric between the two parties due to
Schmidt decomposition. This fact is another indication
of the difference of non-locality of a set of states and an
individual state.
The asymmetric property of spreading quantum infor-
mation can be used for controlling the transmission of
quantum information. Namely, we can distribute quan-
tum information such that one of the party, say Alice,
can act as a controller of quantum information to sup-
port other party to extract full quantum information, but
she cannot obtain full quantum information for herself, as
long as they are acting by LOCC. Therefore we can con-
sider a simple two qubit device which globally encodes
qubit information and also acts as a local “switch” for
transmission of qubit information to one of the qubits.
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FIG. 2: Asymmetric remote destruction: Spread quantum in-
formation can only be irreversibly destroyed by Alice’s mea-
surement on her qubit, in a way such that the state after the
measurement does not contain quantum information (α and
β). Note that some classical information represented by Ciα,β
can be retrieved from the outcome of Alice’s measurement i.
From the viewpoint of controlling transmission of
quantum information, it is also useful to spread quantum
information into two parties such that Alice’s local oper-
ation can irreversibly destroy quantum information such
that the state of Bob’s qubit after Alice’s operation is set
to a pure state which does not contain quantum informa-
tion, i.e. the parameters α and β. Note that this process
is not a randomizing process to transform Bob’s qubit to
be in a completely mixed state. In this task, a part of
classical information of the parameter α and β can be
retrieved. We call this task remote destruction. (Fig. 2)
Such a way for spreading quantum information can be
used another kind of “switch” for controlling quantum
information transmission. Using a similar technique for
proving conditions of remote extraction, we also present
necessary and sufficient conditions for this task. Spread-
ing quantum information for remote destruction can also
be asymmetric between two parties, but we show that
the conditions for remote destruction are incompatible
for those of remote extraction.
This paper is organized as the following: In Section II,
the definitions and precise statements of remote extrac-
tion and destruction are given. In Section III, we show
the proof of sufficiency for remote extraction. The prepa-
rations and outline of the proof of necessity are given in
Section IV. The proof of necessity consists of seven steps
and they are presented in Section V. The proof of con-
ditions for remote destruction is presented in Section VI,
and the summary and discussions are given in Section
VII.
II. STATEMENTS OF REMOTE EXTRACTION
AND DESTRUCTION
A. Remote extraction
We take two orthonormal vectors |ψ0〉AB , |ψ1〉AB in
two qubit Hilbert space HAB = C2 ⊗ C2, which we will
call basis states, and encode qubit information into a two-
qubit state represented by |ψ〉 = α |ψ0〉AB + β |ψ1〉AB.
3We consider two qubits are spatially separated and one
of the qubit is at Alice’s side and the other qubit is at
Bob’s side. The task of remote extraction is to extract
qubit information at Bob’s side from the two-qubit state
|ψ〉AB by using finite rounds of LOCC. That is, we look
for a finite round LOCC procedure Λ such that
Λ (|αψ0 + βψ1〉AB 〈αψ0 + βψ1|) = |ξ〉A 〈ξ| ⊗ |αe0 + βe1〉B 〈αe0 + βe1| (1)
for arbitrary α, β ∈ C satisfying |α|2 + |β|2 = 1. Here,
{|e0〉B , |e1〉B} is a fixed orthonormal basis in HB and|ξ〉A is an arbitrary vector inHA. Throughout this paper,
we use a notation |αψ0 + βψ1〉 ≡ α |ψ0〉 + β |ψ1〉, and
〈αψ0 + βψ1| ≡ α¯ 〈ψ0|+β¯ 〈ψ1| where α¯ and β¯ are complex
conjugates of α and β, respectively. We also denote the
conjugation of a single qubit state |φ〉 = α |e0〉 + β |e1〉
with respect to an orthonormal basis {|ei〉} of the qubit
by
∣∣φ¯〉 = α¯ |e0〉+ β¯ |e1〉.
The finite round LOCC procedure Λ is given by a se-
quence of Alice’s measurements {M j1,··· ,jk−1i1,i2,··· ,ik ⊗ I} and
Bob’s {I ⊗ N j1,··· ,jki1,i2,··· ,ik}, where ik is an index for Alice’s
k-th round measurement and jk is an index for Bob’s
kthe round measurement (k = 1, · · · , N), satisfying the
normalization conditions
∑
ik
M
j1,··· ,jk−1
i1,i2,··· ,ik
†
M
j1,··· ,jk−1
i1,i2,··· ,ik = 1, (2)
∑
jk
N j1,··· ,jki1,i2,··· ,ik
†
N j1,··· ,jki1,i2,··· ,ik = 1 (3)
for each k. We use the notation Ik = (i1, · · · , ik), Jk =
(j1, · · · , jk). It is easy to see that (1) is equivalent to
(I⊗NJNIN )(M
JN−1
IN
⊗ I) · · · (MIN ⊗ I) |ψi〉AB = |ξ〉A |ei〉B ,(4)
for i = 0, 1 and all (IN , JN ). When there exists a LOCC
procedure satisfying the condition of Eq.(4), we say that
qubit information on the basis states |ψ0〉AB , |ψ1〉AB can
be deterministically extracted by LOCC at Bob’s side.
We call the pair of the state given by the right hand side
of Eq.(4) {|ξ〉A |e0〉B , |ξ〉A |e1〉B} as the extracted form
and {|ξ〉A v |e0〉B , |ξ〉A v |e1〉B} with some unitary opera-
tor v is said to be locally equivalent to the extracted form
to Bob. We use these notations in our proof of remote
extraction.
Now our problem is to find the condition of the basis
states {|ψ0〉AB , |ψ1〉AB} satisfying Eq.(4). In this paper,
we prove the following Theorem:
Theorem II.1 Qubit information spread between Alice
and Bob |ψ〉AB = α |ψ0〉AB + β |ψ1〉AB can be deter-
ministically extracted using only LOCC at Bob’s side
|φ〉B = α |e0〉B+β |e1〉B if and only if the Schmidt decom-
positions of the basis states {|ψ0〉AB , |ψ1〉AB} are given
by
|ψ0〉AB =
√
λ0 |a0〉A |b0〉B +
√
λ1 |a1〉A |b1〉B (5)
|ψ1〉AB =
√
λ0 |a′0〉A |b1〉B +
√
λ1 |a′1〉A |b0〉B (6)
where λi are the Schmidt coefficients satisfying 0 ≤ λ1 ≤
λ0 ≤ 1 and λ0 + λ1 = 1, and {|ai〉} and {|a′i〉} are the
Schmidt basis of Alice’s qubit and {|bi〉} is the Schmidt
basis of Bob’s qubit. If the conditions of Eq.(5) and (6)
are satisfied, then |a′0〉A , |a′1〉A are of the form
|a′0〉A = e−iθ cosΘ |a0〉A + sinΘ |a1〉A , (7)
|a′1〉A = ei
ϕ
2
(− sinΘ |a0〉A + eiθ cosΘ |a1〉A) (8)
using three real parameters ϕ, θ and Θ.
We define a family of orthonormal basis
{∣∣e0t 〉A ,
∣∣e1t〉A}t∈R+ labeled by positive real number
t, by
∣∣e0t 〉A =
(Ft,−Θ |a0〉A − ieiθF−t,−Θ |a1〉A) /Nt (9)∣∣e1t 〉A =
(−ie−iθF−t,Θ |a0〉A + Ft,Θ |a1〉A) /Nt,(10)
where Ft,Θ = 1 + teiΘ and Nt =
√
2(t2 + 1). Then if
the pair of vectors {(I⊗NJk−1Ik−1 ) · · · (MI1 ⊗ I) |ψ0〉AB , (I⊗
N
Jk−1
Ik−1
) · · · (MI1⊗I) |ψ1〉AB} is not locally unitary equiva-
lent to the extracted form, all the measurements by Alice
on it are of the form
M
Jk−1
Ik
= u
Jk−1
Ik
(√
τ0Ik,Jk−1
∣∣∣e0tIk,Jk−1
〉〈
e0tIk,Jk−1
∣∣∣+√τ1Ik,Jk−1
∣∣∣e1tIk,Jk−1
〉〈
e1tIk,Jk−1
∣∣∣) (uJk−2Ik−1
)†
, (11)
where u
Jk−1
Ik
is an unitary operator, 0 ≤
τ0Ik,Jk−1 , τ
1
Ik,Jk−1
≤ 1 and tIk,Jk−1 ≥ 0. On the
other hand, all the measurements that Bob carries out
{NJkIk } are scalar multiplications of unitary operators.
4From the theorem, we see that the Schmidt coeffi-
cients of the basis states have to be identical for re-
mote extraction, therefore the basis states should have,
at least, same entanglement for remote extraction. On
the other hand, the Schmidt base of Alice’s qubit of
the basis states are not necessary to be same. Al-
though the orthogonality condition of the basis states
〈ψ0|ψ1〉 =
√
λ0λ1(〈a1| a′0〉+ 〈a0| a′1〉) = 0 fixes one of the
parameters to be ϕ = 0, Θ = 0 or Θ = pi for λ1 6= 0,
we can choose θ and one of ϕ and Θ in Eq. (8) arbitrary.
This property allows asymmetry of remote extraction; we
can encode qubit information such that the conditions for
remote extraction at Bob are satisfied but the conditions
for remote extraction at Alice are not satisfied.
We can also obtain necessary and sufficient condi-
tions of the basis states for symmetric remote extraction,
where the deterministic remote extraction at either Al-
ice or Bob is possible depending on the choice of LOCC
procedures from the Theorem 1.
Corollary II.1 Extraction to either Alice or Bob is pos-
sible if and only if the Schmidt decompositions of the basis
states are given by
|ψ0〉AB =
√
λ0 |a0〉A |b0〉B +
√
λ1 |a1〉 |b1〉B , (12)
|ψ1〉AB = −
√
λ0 |a1〉A |b1〉B +
√
λ1 |a0〉A |b0〉B .(13)
Thus, if a set of the basis states {|ψ0〉AB , |ψ1〉AB} sat-
isfies the conditions of remote extraction Eqs. (5) and
(6), but does not satisfy the conditions for the symmet-
ric ones Eqs. (12) and (13), it gives an asymmetric way
of spreading qubit information, where deterministic re-
mote extraction is only possible at Bob, not at Alice.
For λ0 = λ1 = 1/
√
2, any choice of two orthogonal
(maximally entangled) states can be transformed into the
forms of Eqs. (5) and (6), therefore there is no asym-
metric remote extraction. However, for λ0 6= λ1 where
the Schmidt base are determined uniquely, asymmetry
of (perfect) remote extraction is guaranteed as long as
Θ 6= pi/2 in Eq. (8). The case of λ0 = 1 presents an
interesting picture how qubit information is spread be-
tween two parties in terms of symmetry and asymme-
try; for Θ = 0, qubit information is already extracted at
Bob from the beginning, and no qubit information can
be extracted at Alice by LOCC, for Θ = pi/2, qubit infor-
mation is symmetrically shared between Alice and Bob,
and for 0 < Θ < pi/2, qubit information is shared but
asymmetrically.
We note that Bob’s operation is restricted to scalar
multiplication of unitary operators for extracting qubit
information at Bob. Therefore, once one of the party
performs an extraction measurement of the form of Eq.
(11), qubit information can be only extracted to the party
who has not performed the extraction measurement, even
with the basis states allowing symmetric remote extrac-
tion. The measurement condition also implies that one-
way LOCC, where Alice performs a projective measure-
ment on her qubit in the {∣∣e0t 〉A ,
∣∣e1t 〉A} basis and Bob
performs a conditional unitary operation depending on
Alice’s measurement outcome is sufficient for remote ex-
traction of qubit information.
B. Remote destruction
The task of remote destruction is to irreversibly de-
stroy spread qubit information by acting one of the party
(Alice) and to prevent extracting quantum information
at the other party (Bob). We assume that Bob would
not cooperate to destroy information, and also we would
like to prevent recovery of quantum information even if
classical information about Alice’ measurement is known.
We look for Alice’s measurement {Mi} such that for ar-
bitrary α, β ∈ C satisfying |α|2 + |β|2 = 1,
(Mi ⊗ 1) |αψ0 + βψ1〉AB = Ciα,β |χi〉A |ξi〉B , (14)
for each i. Here, Ciα,β is some scalar which depends on
α, β, and |χi〉A , |ξi〉B are vectors that do not depend on
α, β.
In this paper, we show the following:
Theorem II.2 Deterministic remote destruction by Al-
ice is possible if and only if and only if the Schmidt de-
compositions of the basis states are given by
|ψ0〉AB =
√
λ0 |a0〉A |b0〉B +
√
λ1 |a1〉A |b1〉B , (15)
|ψ1〉AB =
√
λ0 |a1〉A |b′0〉B +
√
λ1 |a0〉A |b′1〉B (16)
where 0 ≤ λ1 ≤ λ0 ≤ 1, λ0 + λ1 = 1 and {|ai〉} is the
Schmidt base of Alice’s qubit and {|bi〉} and {|b′i〉} are
the Schmidt basis of Bob’s qubit. If the Schmidt rank
of |ψ0〉AB (resp. |ψ1〉AB ) is 2, then the measurement
operators for deterministic remote destruction {Mi} are
of the form
Mi = |χi〉 〈fki | , (17)
where |χi〉 is an arbitrary vector, ki = 0, 1, and
{|f0〉 , |f1〉} is an orthonormal basis diagonalizing a ma-
trix
5(
1√
λ0
|a0〉
〈
b¯0
∣∣+ 1√
λ1
|a1〉
〈
b¯1
∣∣)(√λ′0 ∣∣b¯′0〉 〈a1|+√λ′1 ∣∣b¯′1〉 〈a0|)
(resp. (
1√
λ′0
|a1〉
〈
b¯′0
∣∣ + 1√
λ′1
|a0〉
〈
b¯′1
∣∣)(√λ0 ∣∣b¯0〉 〈a0|+√λ1 ∣∣b¯1〉 〈a1|)).
If the Schmidt rank of both of |ψ0〉AB and |ψ1〉AB are
1, then the measurement operators {Mi} are of the form
Mi = |χi〉 〈ηi| .
Here, the vector |ηi〉 have to be |a0〉 or
∣∣a⊥0 〉 if |b0〉B and|b′0〉B are not parallel to each other, while it can be an
arbitrary vector if |b0〉B and |b′0〉B are parallel to each
other.
We see that the conditions given by Eq. (16) is identi-
cal for the conditions for deterministic remote extraction
at Alice, instead of Bob. Therefore, the conditions for re-
mote destruction by Alice’s measurement are incompat-
ible for those of remote extraction by Alice’s measure-
ment. The conditions for symmetric remote destruction
are also given by Eqs. (12) and (13), therefore, in the
symmetric case, Alice can determine whether destruct-
ing qubit information or letting Bob to extract full qubit
information by the choice of her measurement, but Bob
is also in the same position.
III. PROOF OF SUFFICIENCY FOR REMOTE
EXTRACTION
We first observe that if the conditions given by Eqs. (5)
and (6) are satisfied, then the representation of the base
of Alice’s qubit (Eq. (8)) is obtained. The case of λ0 = 0
or λ1 = 1 is trivial. Let us assume λ0λ1 6= 0. Since
|ψ0〉AB and |ψ1〉AB are orthogonal, the two base of Alice’s
qubit appearing in Eqs. (5) and (6) have to satisfy
〈a′0|a1〉+ 〈a′1|a0〉 = 0. (18)
If we represent the basis state |a′0〉A by |a′0〉A = c0 |a0〉A+
c1 |a1〉A and another basis state |a′1〉A by |a′1〉A =
eiϕ (−c∗1 |a0〉A + c∗0 |a1〉A) with complex parameters c0
and c1 satisfying |c0|2 + |c1|2 = 1, and a real parame-
ter ϕ, the condition of Eq.(18) implies c1 = c
∗
1e
iϕ. By
introducing two real parameters Θ and θ, c0 and c1 are
represented by c0 = cosΘe
i(ϕ2 −θ) and c1 = sinΘei
ϕ
2 , re-
spectively. Thus, we obtain the representation of the
basis of Alice’s qubit in Eq. (8).
Now we choose another basis of Alice’s qubit
{|0〉A , |1〉A} given by
|0〉A =
1√
2
(|a0〉A − ieiθ |a1〉A)
|1〉A =
1√
2
(−ie−iθ |a0〉A + |a1〉A). (19)
We will check that qubit information can be extracted to
Bob’s qubit by Alice’s projective measurement described
by {|0〉〈0|, |1〉〈1|} followed by an appropriate unitary op-
eration performed by Bob depending on the measurement
outcome of Alice. If Alice obtains the measurement result
corresponding to |0〉A, the basis states are transformed
to
|ψ0〉AB →
1√
2
|0〉A
∣∣∣√λ0b0 + ie−iθ√λ1b1
〉
B
|ψ1〉AB → e
i(
ϕ
2
+Θ−θ)
√
2
|0〉A
∣∣√λ0b1 + ieiθ√λ1b0〉B .
If Alice obtains the measurement result |1〉A, the basis
states are transformed to
|ψ0〉AB →
1√
2
|1〉A
∣∣∣ieiθ√λ0b0 +√λ1b1
〉
B
,
|ψ1〉AB →
1√
2
ei(
ϕ
2+θ−Θ) |1〉A
∣∣∣ie−iθ√λ0b1 +√λ1b0
〉
B
Note that the resulting pairs are locally equivalent to the
extracted form to Bob. Hence, by choosing a suitable uni-
tary operation transforming the basis of Bob’s qubit back
to {|e0〉 , |e1〉}, spread qubit information can be faithfully
extracted to Bob’s side by only using LOCC.
IV. PREPARATIONS AND OUTLINE FOR
PROOF OF NECESSITY
In our proof, we employ matrix representations of
states. In this section, we first describe the matrix rep-
resentation, and then introduce the key notion in our
proof: extraction measurements (E-measurements). We
also present the outline of our proof of necessity for re-
mote extraction consisting of seven steps.
A. Matrix representation
Let H be a n-dimensional Hilbert space, and let
{|fi〉}ni=1 be an orthonormal basis ofH. We consider a bi-
partite system H⊗H. Let |Ω〉AB =
∑n
i=1
1√
n
|fi〉A |fi〉B
be a maximal entangled state in H⊗H. The conjugation
of a state |ξ〉 = ∑i αi |fi〉 ∈ H with respect to {|fi〉} is
represented by
∣∣ξ¯〉 =∑i α¯i |fi〉 ∈ H. The conjugation of
6an operator X ∈ B(H) with respect to a basis {|fi〉}ni=1
is denoted by X¯ , i.e.,
X =
∑
ij
βij |fi〉〈fj | → X¯ =
∑
ij
β¯ij |fi〉〈fj |.
One can easily check that the useful relations X¯
∣∣ξ¯〉 =∣∣Xξ〉, (|η〉〈ξ| ⊗ 1) |Ω〉AB = 1√n |η〉A|ξ¯〉B and 〈ξ¯|η¯〉 =
〈η|ξ〉 = 〈ξ|η〉. These relations are extensively used in
our proof.
By straight forward calculation, we can check the fol-
lowing properties:
Proposition IV.1
1. For all |ψ〉AB ∈ H⊗H, there exists unique X ∈
B(H) such that |ψ〉 = (X ⊗ 1) |Ω〉AB.
2. 〈Ω, (X ⊗ 1)Ω〉 = 1
n
TrX.
3. (X ⊗ 1) |Ω〉AB = (1 ⊗ X¯†) |Ω〉AB
B. Extraction measurements
An E-measurement performed by Alice on a pair of
orthonormal states {|ψ0〉AB , |ψ1〉AB} is a measurement
described by a set of measurement operators {Mi ⊗ I}
satisfying
∑
iM
†
iMi = I, which preserve orthogonality of
the states 〈ψ0|(M †i ⊗ I)(Mi⊗ I)|ψ1〉 = 0 for all i and also
equi-probability, namely, equal probability for measuring
each basis state ‖(Mi⊗ I) |ψ0〉AB ‖ = ‖(Mi⊗ I) |ψ1〉AB ‖,
while there exists i such that M †iMi 6= R+I. An E-
measurement performed by Bob is defined in the same
manner. An E-measurement is not always possible and
the existence of the E-measurement restricts the form of
{|ψ0〉AB , |ψ1〉AB}. Note that the final pair of extraction{|ξ〉A |e0〉B , |ξ〉A |e1〉B} is measurable by E-measurement
(E-measurable) of Alice given by {|ξ〉 〈ξ| , ∣∣ξ⊥〉 〈ξ⊥∣∣}. On
the other hand, we call another type of measurement such
that M †iMi ∈ R+I for all i, a C-measurement. Note that
if extraction to Bob is possible, Alice should be able to
perform the E-measurement on the last pair, otherwise
extraction to Bob at the next round is not possible.
Now, we introduce a set of orthonormal base
of Alice’s qubit, SA(|ψ0〉AB , |ψ1〉AB). We define
SA(|ψ0〉AB , |ψ1〉AB) by a set of all orthogonal basis{|0〉A , |1〉A} such that the decompositions
|ψ0〉AB = |0〉A |ξ〉B + |1〉A |η〉B ,
|ψ1〉AB = |0〉A
∣∣ξ⊥〉
B
+ |1〉A
∣∣η⊥〉
B
, (20)
satisfy
‖ξ‖ = ‖ξ⊥‖, ‖η‖ = ‖η⊥‖, 〈ξ| ξ⊥〉 = 〈η| η⊥〉 = 0. (21)
Of course, SA(|ψ0〉AB , |ψ1〉AB) can be an empty set, de-
pending on {|ψ0〉AB , |ψ1〉AB}. We call an element in
SA(|ψ0〉AB , |ψ1〉AB), an orthonormal basis on which Al-
ice can perform an E-measurement. In fact, we will see
that if Alice can operate an E-measurement {Mi} on
{|ψ0〉AB , |ψ1〉AB}, then each Mi have to be of the form
Mi =
√
τ0i ui |0〉A 〈0|+
√
τ1i ui |1〉A 〈1| , (22)
where ui is a single qubit unitary, {|0〉A , |1〉A} ∈
SA(|ψ0〉AB , |ψ1〉AB), and 0 ≤ τ0i , τ1i ≤ 1. We also de-
fine SB(|ψ0〉AB , |ψ1〉AB) in the same manner. Then it is
obvious that for arbitrary single qubit unitary operators
u, v and a complex number c 6= 0, we have
SA ((cu⊗ v) |ψ0〉AB , (cu⊗ v) |ψ1〉AB) = uSA (|ψ0〉AB , |ψ1〉AB) .
C. Outline of proof
We prove the necessary conditions for remote extrac-
tion in the following seven steps:
Step 1: We prove that the orthogonality and equi-
probability conditions should be satisfied for all
rounds of LOCC. From this, we show that the lo-
cal operations in the LOCC procedure have to be
E-measurements or C-measurements.
Step 2: We show that if Alice can perform an E-
measurement {Mi} on a pair {|ψ0〉AB , |ψ1〉AB},
then SA(|ψ0〉AB , |ψ1〉AB) is non-empty. Further-
more, we see that each Mi has to be of the form
given by Eq. (22).
Step 3: We derive the explicit form of the set
SA(|ψ0〉AB , |ψ1〉AB) when it is not empty. We see
that it is parameterized by a positive scalar t ≥ 0.
Step 4: We derive the necessity conditions for both
of Alice and Bob to be able to perform an E-
measurement on a pair of states {|ψ0〉AB , |ψ1〉AB}.
Step 5: Using the result of Step 4, we prove that the
following situation is impossible: Alice performs
some E-measurement {Mi} on {|ψ0〉AB , |ψ1〉AB},
and for all the results of her measurement {(Mi ⊗
I) |ψ0〉AB , (Mi ⊗ I) |ψ1〉AB}i, Bob can sequently
perform an E-measurement.
Step 6: We show that if deterministic remote extraction
is possible, SA(|ψ0〉AB , |ψ1〉AB) is not empty.
Step 7: We show that Eqs. (20) and (21) imply that
the Schmidt forms of |ψ0〉AB , |ψ1〉AB to be given
by Eqs. (5) and (6).
7V. PROOF FOR NECESSITY OF REMOTE
EXTRACTION
A. Step 1: Orthogonality and equi-probability
We show that deterministic remote extraction requires
that the two vectors (unnormalized basis states) have to
be orthogonal to each other and have the same norm
at every step in LOCC. Let us consider a LOCC de-
scribed by a sequence of conditional local measurements
of Alice {M j1,··· ,jk−1i1,i2,··· ,ik ⊗ I} and Bob {I ⊗ N j1,··· ,jki1,i2,··· ,ik},
for k = 1, · · · , N . Each set of measurement operators
{M j1,···jki1,··· ,ik+1}, {N j1,···jki1,··· ,ik} satisfies
∑
ik+1
(
M j1,···jki1,··· ,ik+1
)†
M j1,···jki1,··· ,ik+1 = I,
∑
jk
(
N j1,···jki1,··· ,ik
)†
N j1,···jki1,··· ,ik = I. (23)
We use a notation Ik = (i1, · · · , ik), Jk = (j1, · · · , jk), as
introduced in Section II, and denote the vectors at each
step by
∣∣∣ψIk,Jm0
〉
AB
=
(
M
Jk−1
Ik
· · ·MI1 ⊗NJmIm · · ·NI1
)
|ψ0〉AB .∣∣∣ψIk,Jm1
〉
AB
=
(
M
Jk−1
Ik
· · ·MI1 ⊗NJmIm · · ·NI1
)
|ψ1〉AB ,
where m = k − 1 or m = k. As seen in Section II,
at the last turn (k = N), the two vectors are orthogo-
nal 〈ψIN ,JN0 |ψIN ,JN1 〉 = 0 and they have the same length
‖|ψIN ,JN0 〉‖ = ‖|ψIN ,JN1 〉‖.
By summing up with respect to jN , using the re-
lation (23), we have 〈ψIN ,JN−10 |ψIN ,JN−11 〉 = 0 and
‖|ψIN ,JN−10 〉‖ = ‖|ψIN ,JN−11 〉‖. Repeating this summa-
tion procedure, we obtain 〈ψIk,Jm0 |ψIk,Jm1 〉 = 0 and
‖|ψIk,Jm0 〉‖ = ‖|ψIk,Jm1 〉‖ for all k = 1, · · · , N and m =
k−1, k, i.e., the orthogonality and equi-probability condi-
tions should be satisfied for all rounds in LOCC. There-
fore, the local operations in the LOCC procedure have
to be E-measurements or C-measurements. As the C-
measurements can not extract information on its own,
we need the E-measurements.
B. Step 2: E-measurement by Alice
We derive the necessity and sufficient conditions for
Alice to be able to carry out the E-measurement.
Lemma V.1 If Alice can carry out an E-measurement
on a pair of orthonormal states {|ψ0〉AB , |ψ1〉AB} inHAB, then, SA(|ψ0〉AB , |ψ1〉AB) is not empty. Further-
more, the E-measurement have to be of the form (22).
Proof: Let {Mi ⊗ I}i be an E-measurement by Alice
on {|ψ0〉AB , |ψ1〉AB}. As it is the E-measurement, there
exists i such that M †iMi 6= R+I. As M †iMi is positive, it
can be diagonalized in a suitable basis {|0〉A , |1〉A}. We
will show that {|0〉A , |1〉A} ∈ SA(|ψ0〉AB , |ψ1〉AB). In
the basis {|0〉A , |1〉A}, we have
M †iMi =
(
τ0 0
0 τ1
)
,
where 0 ≤ τ0 < τ1 ≤ 1. We define two matrices X0
and X1 for the matrix representation of the basis states
|ψ0〉AB = (X0 ⊗ 1) |Ω〉AB and |ψ1〉AB = (X1 ⊗ 1) |Ω〉AB.
Let us represent X0, X1 in this basis {|0〉A , |1〉A} as
X0 =
(
a b
c d
)
X1 =
(
x y
z w
)
.
As |ψ0〉AB , |ψ1〉AB are orthogonal unit vectors satisfying〈ψ0|ψ1〉 = 0 and ‖|ψ0〉‖ = ‖|ψ1〉‖, we have
(|a|2 + |b|2) + (|c|2 + |d|2) = (|x|2 + |y|2) + (|z|2 + |w|2)
(ax¯+ by¯) + (cz¯ + dw¯) = 0
The condition of the Proposition is represented in this
basis as τ0(|a|2 + |b|2) + τ1(|c|2 + |d|2) = τ0(|x|2 + |y|2) +
τ1(|z|2 + |w|2) and τ0(ax¯+ by¯) + τ1(cz¯ + dw¯) = 0. Hence
we have
|a|2 + |b|2 = |x|2 + |y|2 (24)
|c|2 + |d|2 = |z|2 + |w|2 (25)
ax¯+ by¯ = cz¯ + dw¯ = 0. (26)
These conditions are rewritten in term of {|0〉A , |1〉A} as
follows: We have
X0 |Ω〉 = (|0〉〈0|+ |1〉〈|1|)X0 |Ω〉 = |0〉|ξ〉+ |1〉|η〉,
X1 |Ω〉 = (|0〉〈0|+ |1〉〈1|)X1 |Ω〉 = |0〉|ξ⊥〉+ |1〉|η⊥〉.
where
ξ =
1√
2
X†0 |0〉, ξ⊥ =
1√
2
X†1 |0〉,
η =
1√
2
X†0 |1〉, η⊥ =
1√
2
X†1 |1〉.
It is easy to check that Eq. (26) is equivalent to
〈ξ| ξ⊥〉 = 〈η| η⊥〉 = 0, ‖ξ‖ = ‖ξ⊥‖, ‖η‖ = ‖η⊥‖ (27)
and we conclude the basis {|0〉A , |1〉A} is in
SA(|ψ0〉AB , |ψ1〉AB). As {|0〉A , |1〉A} was defined
as a basis that diagonalizes M †iMi, Mi has to be of the
form given by Eq. (22), i.e., the E-measurement have to
be of the form of Eq. (22). 
C. Step 3: The set SA(|ψ0〉AB , |ψ1〉AB)
We derive the explicit form of vectors in the set
SA(|ψ0〉AB , |ψ1〉AB).
8Lemma V.2 Suppose that {|ψ0〉AB |ψ1〉AB} is not lo-
cal unitary equivalent to the extracted form, and
SA(|ψ0〉AB , |ψ1〉AB) is not empty. Let us fix one element{|0〉A , |1〉A} in SA(|ψ0〉AB , |ψ1〉AB). Then
SA(|ψ0〉AB , |ψ1〉AB) = {
∣∣e0t 〉A ,
∣∣e1t 〉A}t≥0,
where {∣∣e0t 〉A ,
∣∣e1t 〉A} is an orthonormal basis of HA, la-
beled by a positive real number t:
∣∣e0t 〉A = 1√t2 + 1(|0〉A + te
iζ |1〉A), (28)
∣∣e1t 〉A = 1√t2 + 1(−te
−iζ |0〉A + |1〉A). (29)
Here, the phase factor eiζ is determined as follows: If
the Schmidt rank of |ψ0〉AB is 2, then we have 〈η|ξ⊥〉 6=
0, | 〈ξ|η⊥〉〈η|ξ⊥〉 | = 1, and we define a phase factor e2iζ by
e2iζ = − 〈ξ|η⊥〉〈η|ξ⊥〉 . If the Schmidt rank of |ψ0〉AB is 1 and
{|ψ0〉AB , |ψ1〉AB} is not local unitary equivalent to the
extracted form, then we have 〈ξ|η〉 6= 〈ξ⊥|η⊥〉, and we
define the phase e2iζ = − 〈ξ|η〉−〈ξ⊥|η⊥〉〈η|ξ〉−〈η⊥|ξ⊥〉 .
Proof
From the equivalence of Eqs. (26) and (27), the matrix
forms of the basis states, X0 and X1, are represented by
X0 =
(
a b
c d
)
, X1 =
( −b¯ a¯
−e2iζ d¯ e2iζ c¯
)
(30)
in the {|0〉A , |1〉A} basis. A general orthonormal ba-
sis can be written as
∣∣e0κ〉 = (|0〉A + κ |1〉A)/√1 + |κ|2
and
∣∣e1κ〉 = (−κ¯ |0〉A + |1〉A)/√1 + |κ|2 in terms
of {|0〉A , |1〉A} using a parameter κ ∈ C. If
{∣∣e0κ〉A ,
∣∣e1κ〉A} ∈ SA(|ψ0〉AB , |ψ1〉AB), then the two ba-
sis states have to satisfy the condition
〈
eiκ
∣∣X0X†1 ∣∣eiκ〉 = 0
and ‖X†0
∣∣eiκ〉 ‖ = ‖X†1 ∣∣eiκ〉 ‖, for i = 0, 1. By Eq. (30),
this condition is equivalent to
|a¯+ c¯κ|2 + |b¯+ d¯κ|2 = |b+ e−2iζdκ|2 + |a+ e−2iζcκ|2
(a+ cκ¯)(−b− e−2iζdκ) + (b+ dκ¯)(a+ e−2iζcκ) = 0
These conditions are also equivalent to the following con-
ditions
(κ− e2iζ κ¯)(ac¯+ bd¯− b¯de−2iζ − a¯ce−2iζ) = 0
(κ− κ¯e2iζ)(ad− bc) = 0
If
ad 6= bc (31)
or
a¯c+ b¯d− bd¯e2iζ − ac¯e2iζ 6= 0, , (32)
we have κ = κ¯e2iζ , hence we obtain κ = teiζ where
t ∈ R. However, it is easy to see {∣∣e0t 〉A ,
∣∣e1t 〉A} =
{
∣∣∣e0− 1
t
〉
A
,
∣∣∣e1− 1
t
〉
A
} for t > 0. Therefore, if (31) or (32)
holds, we can parameterize SA(|ψ0〉AB , |ψ1〉AB) with a
positive scalar t ∈ R+. It is also easy to see that
if the Schmidt rank of |ψ0〉AB is 2, (31) holds. Fur-
thermore, in this case, e2iζ is given by e2iζ = − 〈ξ|η⊥〉〈η|ξ⊥〉 .
On the other hand, if the Schmidt rank of |ψ0〉AB is 1
and it is not local unitary equivalent to the extracted
form, then Eq. (32) holds. In this case, the phase is
given by e2iζ = − 〈ξ|η〉−〈ξ⊥|η⊥〉〈η|ξ〉−〈η⊥|ξ⊥〉 . Hence, in both cases,
SA(|ψ0〉AB , |ψ1〉AB) is t-parameterized. 
By a direct calculation, complex conjugation of the
vectors |ξt〉B ,
∣∣ξ⊥t 〉B , |ηt〉B ,
∣∣η⊥t 〉B in
|ψ0〉AB = |e1t 〉A|ξ1t 〉B + |e2t 〉A|ξ2t 〉B,
|ψ1〉AB = |e1t 〉A|ξ1⊥t 〉B + |e2t 〉A|ξ2⊥t 〉B
are given by
∣∣ξt〉B = 1√2(1 + t2)
(
a¯+ eiζtc¯
b¯+ eiζtd¯
)
, (33)
∣∣∣ξ⊥t
〉
B
=
1√
2(1 + t2)
(−b− e−iζtd
a+ e−iζtc
)
(34)
|ηt〉B =
1√
2(1 + t2)
(−a¯te−iζ + c¯
−b¯te−iζ + d¯
)
, (35)
∣∣∣η⊥t
〉
B
=
1√
2(1 + t2)
(
tbe−iζ − e−2iζd
−ate−iζ + e−2iζc
)
, (36)
in the {|0〉B , |1〉B} basis .
D. Step 4 : E-operation from both sides
Suppose that both of Alice and Bob can per-
form an E-measurement on a pair of basis states
{|ψ0〉AB , |ψ1〉AB}. This assumption excludes the pos-
sibility that {|ψ0〉AB , |ψ1〉AB} is local unitary equiv-
alent to the extracted form at Alice or Bob from
the beginning. Since Alice can perform an E-
measurement, SA(|ψ0〉AB , |ψ1〉AB) is non-empty and
its elements are t-parameterized SA(|ψ0〉AB , |ψ1〉AB) =
{∣∣e0t 〉A ,
∣∣e1t〉A}t≥0 as we have shown in Step 3. The vec-
tors {|ψ0〉AB , |ψ1〉AB} can be decomposed with respect
to the elements of SA(|ψ0〉AB , |ψ1〉AB)
|ψ0〉AB =
∣∣e0t 〉A |ξt〉B +
∣∣e1t 〉A |ηt〉B , (37)
|ψ1〉AB =
∣∣e0t 〉A
∣∣ξ⊥t 〉B +
∣∣e1t 〉A
∣∣η⊥t 〉B , (38)
so that 〈ξt| ξ⊥t 〉 = 〈ηt| η⊥t 〉 = 0 and ‖ξt‖ = ‖ξ⊥t ‖, ‖ηt‖ =
‖η⊥t ‖. Furthermore, every E-measurement by Alice on
{|ψ0〉AB , |ψ1〉AB} is of the form
Mi =
√
τ0i ui
∣∣e0ti〉A
〈
e0ti
∣∣+
√
τ1i ui
∣∣e1ti〉A
〈
e1ti
∣∣ , (39)
where ui is a unitary operator, 0 ≤ τ0i , τ1i ≤ 1 and
ti ∈ R+. In Step 4, we show that under the assumption
9that both Alice and Bob can perform an E-measurement
on {|ψ0〉AB , |ψ1〉AB}, the vectors |ξt〉B ,
∣∣ξ⊥t 〉B , |ηt〉B and∣∣η⊥t 〉B satisfy 〈ξt|ηt〉B + 〈ξ⊥t |η⊥t 〉B = 0 and ‖ξt‖ = ‖ηt‖
for all t ≥ 0.
To prove this, note that if Bob can perform an E-
measurement, there exists a basis set {|e′0〉B , |e′1〉B} ∈
SB(|ψ0〉AB , |ψ1〉AB) satisfying
〈e′i|X†0X0|e′i〉 = 〈e′i|X†1X1|e′i〉,
〈e′i|X†0X1|e′i〉 = 0, (40)
for i = 0, 1, from Step 2. Note that X0, X1 can be repre-
sented as
X0 =
√
2(
∣∣e0t 〉 〈ξ¯t∣∣+ ∣∣e1t 〉 〈η¯t|
X1 =
√
2(
∣∣e0t 〉
〈
ξ¯⊥t
∣∣∣+ ∣∣e1t 〉
〈
η¯⊥t
∣∣∣),
because of Eq. (38). Let us represent the t-parameterized
vectors in the {
∣∣∣e′0
〉
A
,
∣∣∣e′1
〉
A
} basis:
∣∣ξ¯t〉 = α0t
∣∣∣e′0
〉
+ β0t
∣∣∣e′1
〉
,
|η¯t〉 = α1t
∣∣∣e′0
〉
+ β1t
∣∣∣e′1
〉
,∣∣∣ξ¯⊥t
〉
= eiϕ
0
t (− ¯(β0t )
∣∣∣e′0
〉
+ ¯(α0t )
∣∣∣e′1
〉
),∣∣∣η¯⊥t
〉
= eiϕ
1
t (− ¯(β1t )
∣∣∣e′0
〉
+ ¯(α1t )
∣∣∣e′1
〉
).
Then X†0X0, X
†
1X1, X
†
0X1 are represented in the
{|e′0〉A , |e′1〉A} basis as
X†0X0 =
∑
i
(|αit|2 ∗
∗ |βit |2
)
,
X†1X1 =
∑
i
(|βit |2 ∗
∗ |αit|2
)
X†0X1 =
∑
i
eiϕ
i
t
(−β¯ti α¯it ∗
∗ α¯tiβ¯it
)
where ∗ represents irrelevant elements for our evaluation.
Hence Eq. (40) implies
∑
i
|αit|2 =
∑
i
|βit |2
∑
αitβ
i
te
−iϕit = 0
It is easy to derive the relations |β1t | = |α0t | and |β0t | =
|α1t | which imply ‖ξt‖ = ‖ηt‖ for all t ≥ 0.
RepresentingX0, X1 in the {|0〉A , |1〉A} basis, from the
representation in Eq. (36), we see
‖ξt‖ = ‖ηt‖
⇔ t2 (|c|2 + |d|2 − |a|2 − |b|2)+ 2t (e−iζca¯+ eiζ c¯a+ e−iζdb¯+ eiζ d¯b)− (|c|2 + |d|2 − |a|2 − |b|2) = 0
⇔ (t2 − 1)(‖η0‖2 − ‖ξ0‖2) + 2te−iζ(〈ξ0|η0〉+〈ξ⊥0 |η⊥0 〉) = 0, (41)
for all t. This implies 〈ξ0|η0〉 + 〈ξ⊥0 |η⊥0 〉 = 0. But as
we have a freedom about the choice of the fixed ba-
sis {|0〉A , |1〉A} (we could take {|0〉A =
∣∣e0t 〉A , |1〉A =∣∣e1t 〉A}), we obtain 〈ξt|ηt〉+ 〈ξ⊥t |η⊥t 〉 = 0 for all t ≥ 0. In
the matrix representation in Eq. (36), we have
〈ξt|ηt〉+ 〈ξ⊥t |η⊥t 〉 = 0
⇔ (−t2 + 1)(ac¯e2iζ + bd¯e2iζ + db¯ + a¯c)
+2eiζt
(|c|2 + |d|2 − |a|2 − |b|2) = 0. (42)
E. Step 5 : Impossibility of sequent
E-measurement
Let us consider the following situation: Alice per-
forms some E-measurement {Mi} on {|ψ0〉AB , |ψ1〉AB},
and for all the results of the measurements {(Mi ⊗
I) |ψ0〉AB , (Mi⊗ I) |ψ1〉AB}i, Bob can sequently perform
another E-measurement. Can this situation occur? In
this Step 5, we show this is not possible. By symmetry,
the situation that interchanging Alice’s and Bob’s roles
is also impossible.
If this situation occurs, the pair {|ψ0〉AB , |ψ1〉AB}
is not local unitary equivalent to the extracted form
at Bob. Therefore, SA(|ψ0〉AB , |ψ1〉AB) should be t-
parameterized and {|ψ0〉AB , |ψ1〉AB} is decomposed as
in Eq. (38). Each Mi is of the form of Eq. (39).
As it is an E-measurement, there exists i such that
τ0i 6= τ1i . After Alice’s E-measurement, the two
basis states are transformed as
∣∣ψi0〉AB = (Mi ⊗
I) |ψ0〉AB =
√
τ0i ui
∣∣e0ti〉A |ξti〉B+
√
τ1i ui
∣∣e1ti〉A |ηti〉B and∣∣ψi1〉AB = (Mi ⊗ I) |ψ1〉AB =
√
τ0i ui
∣∣e0ti〉A
∣∣ξ⊥ti 〉B +√
τ1i ui
∣∣e1ti〉A
∣∣η⊥ti 〉B. Note that Alice still can per-
form an E-measurement on this pair, (with {∣∣e0ti〉A
〈
e0ti
∣∣,∣∣e1ti〉A
〈
e1ti
∣∣}, for example.) Now assume that Bob can
perform an E-measurement on
∣∣ψi0〉AB ,
∣∣ψi1〉AB, for all
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i. Then, we have τ0i τ
1
i 6= 0, and the pair of basis states∣∣ψi0〉AB ,
∣∣ψi1〉AB have to satisfy√
τ0i ‖ξti‖ =
√
τ1i ‖ηti‖, (43)
〈ξti |ηti〉+
〈
ξ⊥ti |η⊥ti
〉
= 0 (44)
by Step 4. As {Mi} is an E-measurement, there exists i
such that τ0i 6= τ1i . In the following, we see that if there
exists i such that τ0i 6= τ1i , Eqs. (43) and (44) have at
most one solution ti = t
′ in R+.
Note that Eq. (44) is equivalent to Eq. (42). If
ac¯e2iζ + bd¯e2iζ +db¯+ a¯c = 0, and |c|2+ |d|2−|a|2−|b|2 =
0 are satisfied, we have ‖ξt‖ = ‖ηt‖ for all t from
Eq. (41). From Eq. (43), this implies τ0i = τ
1
i for all
i, which contradicts our assumption. Therefore, we have
ac¯e2iζ+ bd¯e2iζ +db¯+ a¯c 6= 0 or |c|2+ |d|2−|a|2−|b|2 6= 0.
If ac¯e2iζ + bd¯e2iζ + db¯ + a¯c = 0 and |c|2 + |d|2 − |a|2 −
|b|2 6= 0 are satisfied, then Eq. (44) has the only solu-
tion t = 0. If ac¯e2iζ + bd¯e2iζ + db¯ + a¯c 6= 0, we have
t2 − 1 − 2eiζt (|c|2 + |d|2 − |a|2 − |b|2) (ac¯e2iζ + bd¯e2iζ +
db¯ + a¯c)−1 = 0. This equation has one negative solution
and one positive solution. Hence in any case, Eqs. (43)
and (44) have at most one solution inR+.
If Eqs. (43) and (44) have no solution, we can con-
clude that the situation is impossible. Let us consider
the case that there exists a unique solution t = s ≥ 0.
As each i has to satisfy Eqs. (43) and (44), we have
ti = s for all i. Then by Eq. (43), we obtain τ
0
i /τ
1
i =
‖ |ηs〉A ‖2/‖ |ξs〉A ‖2 ≡ r for all i, i.e., the ratio of τ0i and
τ1i is independent of i. Furthermore, as there exists i
such that τ0i 6= τ1i , the ratio r is not 1. Therefore, we
have∑
i
M †iMi = τ
0
i |e0ti〉〈e0ti |+ τ1i |e1ti〉〈e1ti |
=
1
s2 + 1
∑
i
(τ1i )
(
r + s2 (r − 1)se−iζ
(r − 1)seiζ rs2 + 1
)
.
As for r 6= 1, this is not equal to I. This contradicts
the normalization condition of the measurement operator∑
iM
†
iMi = I. Therefore, the situation we have consid-
ered cannot occur.
F. Step 6 : Necessary conditions for remote
extraction
Suppose that remote extraction to Bob’s qubit is pos-
sible somehow. If {|ψ0〉AB , |ψ1〉AB} is not local unitary
equivalent to the extracted form, it should be possible
to carry out the first E-measurement, for either Alice or
Bob. If Alice can carry it out, SA(|ψ0〉AB , |ψ1〉AB) is not
empty. On the other hand, if Alice can not perform the
first E-measurement, Bob have to be able to do it. How-
ever, it is impossible from the following reason: Recall
that the final pair Eq. (4) is a pair of the basis states
that Alice can carry out an E-measurement. As we con-
sider only finite rounds of LOCC, this means at some
point of LOCC, Bob performs an E-measurement and af-
ter any result of Bob’s E-measurement, Alice should be
able to perform an E-measurement i.e., the situation con-
sidered in Step 5 should occur. However, we have shown
that it is impossible in Step 5. Therefore, the extraction
to Bob’s qubit is only available for the case that Alice
can perform the first E-measurement, i.e., the case that
SA(|ψ0〉AB , |ψ1〉AB) is not empty. Furthermore, as we
have seen above, Bob can carry out only C-measurements
in the extraction procedure.
G. Schmidt picture
In this Step 7, we represent the conditions of Eq. (20)
for SA(|ψ0〉AB , |ψ1〉AB) in the Schmidt form given by
Eqs. (5) and (6). Suppose that Eq. (20) is satisfied and
let
|ψ0〉AB =
√
λ0 |a0〉A |b0〉B +
√
λ1 |a1〉A |b1〉B
|ψ1〉AB =
√
λ′0 |a′0〉A |b′0〉B +
√
λ′1 |a′1〉A |b′1〉B
be the Schmidt decompositions of |ψ0〉AB , |ψ1〉AB, re-
spectively. Then we have
X0/
√
2 =
√
λ0|a0〉〈b¯0|+
√
λ1|a1〉〈b¯1| = |0〉〈ξ¯|+ |1〉〈η¯|
X1/
√
2 =
√
λ′0|a′0〉〈b¯′0|+
√
λ′1|a′1〉〈b¯′1| = |0〉〈ξ¯⊥|+ |1〉〈η¯⊥|.
By the relations 〈ξ| ξ⊥〉 = 〈η| η⊥〉 = 0 and
‖ |ξ〉 ‖ = ‖ ∣∣ξ⊥〉 ‖, ‖ |η〉 ‖ = ‖ ∣∣η⊥〉 ‖, the vectors
|ξ〉B ,
∣∣ξ⊥〉
B
, |η〉B ,
∣∣η⊥〉
B
are represented in the basis
parallel to |ξ〉B as
|ξ〉B =
(
s
0
)
,
∣∣ξ⊥〉
B
=
(
0
s
)
,
|η〉B =
(
α′
β′
)
,
∣∣η⊥〉
B
= eiΛ
(−β¯′
α¯′
)
,
for s ∈ R and α′, β′ ∈ C. Therefore, we have
|ξ〉〈ξ|+ |η〉〈η| =
(
s2 + |α′|2 α′β¯′
β′α¯′ |β′|2
)
= λ0 |b0〉B 〈b0|+ λ1 |b1〉B 〈b1|
|ξ⊥〉〈ξ⊥|+ |η⊥〉〈η⊥| =
( |β′|2 −α′β¯′
−βα¯′ s2 + |α′|2
)
= λ′0 |b′0〉B 〈b′0|+ λ′1 |b′1〉B 〈b′1|
From these relations, we derive that λ0 = λ
′
0, λ1 = λ
′
1,
|b′0〉 is parallel to |b1〉, and |b′1〉 is parallel to |b0〉. By
modifying the phase of |a′0〉 and |a′1〉 appropriately, we
can take |b′0〉 = |b1〉 and |b′1〉 = |b0〉.
H. The form of LOCC
Finally, we present the explicit form of LOCC. By Sec-
tion III, the basis {|0〉A , |1〉A} represented by |0〉A =
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(|a0〉A − ieiθ |a1〉A)/
√
2 and |1〉A = (−ie−iθ |a0〉A +
|a1〉A)/
√
2 is an element of SA(|ψ0〉AB , |ψ1〉AB). There-
fore, if {|ψ0〉AB , |ψ1〉AB} is not local unitary equiv-
alent to the extracted form, all the elements in
SA(|ψ0〉AB , |ψ1〉AB) are t-parameterized by Step 3, with
respect to {|0〉A , |1〉A}, which is equal to the form of
Eq. (10) in the Theorem.
By Step 5, Bob can carry out only a C-measurement
for remote extraction at Bob, therefore, allNJkIk are scalar
multiplications of unitary operators. On the other hand,
the form of Alice’s measurement on the pair of the states
{|ψ0〉AB , |ψ1〉AB} have to be Mi =
√
τ0i ui
∣∣e0ti〉 〈e0ti∣∣ +√
τ1i ui
∣∣e1ti〉 〈e1ti∣∣, with a unitary operation ui, 0 ≤
τ0i , τ
1
i ≤ 1 and {
∣∣e0ti〉 , ∣∣e1ti〉} ∈ SA(|ψ0〉AB , |ψ1〉AB). For
this Mi and a nonzero scalar multiplication of a uni-
tary operator Ni, we can see SA(Mi ⊗ Ni |ψ0〉AB ,Mi ⊗
Ni |ψ1〉AB) = uiSA(|ψ0〉AB , |ψ1〉AB) if τ0i τ1i 6= 0, from
the argument in Step 2. Note that if τ0i τ
1
i = 0, the
pair {Mi ⊗ Ni |ψ0〉AB ,Mi ⊗ Ni |ψ1〉AB} is locally uni-
tary equivalent to the extracted form at Bob. Thus, we
obtain the form of Alice’s measurement given in the The-
orem II.1, inductively.
VI. PROOF FOR REMOTE DESTRUCTION
Let |ψ0〉AB , |ψ1〉AB ∈ HAB, 〈ψ0|ψ1〉 = 0. We consider
the basis states in the matrix representation: |ψ0〉AB =
(X0⊗ 1) |Ω〉AB , |ψ1〉AB = (X1⊗ 1) |Ω〉AB . First we show
the following lemma.
Lemma VI.1 Suppose that there exists a matrix M 6= 0
and vectors |χ〉, |ξ〉 satisfying the following property: for
all α, β ∈ C, there exists Cα,β ∈ C such that
(M ⊗ 1) (α |ψ0〉AB + β |ψ1〉AB) = Cα,β |χ〉A ⊗ |ξ〉B .
Then if the Schmidt rank of |ψ0〉AB (resp. |ψ1〉AB) is 2,
M = |χ〉 〈η| ,
where |η〉 is an eigenvector of a matrix (X0†)−1X1† (resp.
(X1
†)−1X0†).
If the Schmidt rank of both of |ψ0〉AB and |ψ1〉AB are
1 and the basis states are represented by
|ψ0〉AB = |f〉A |ξ〉B , |ψ1〉AB = |f ′〉A |ξ′〉B ,
then one of the followings occurs:
1. M = |χ〉 〈f⊥∣∣
2. M = |χ〉
〈
f ′⊥
∣∣∣
3. |ξ〉B and |ξ′〉B are parallel to each other and M =|χ〉 〈η| for an arbitrary vector |η〉.
Proof
If the Schmidt rank of |ψ0〉 is 2, and (M ⊗ 1) |ψ0〉AB =
C1,0 |χ〉A ⊗ |ξ〉B, M has to be of rank 1. We represent
it as M = |χ〉 〈η| by introducing a vector |η〉. Then we
have
(M ⊗ 1) |ψ0〉AB =
(
|χ〉
〈
X0
†η
∣∣∣⊗ 1)Ω
=
1√
2
|χ〉A
∣∣∣(X0†η)
〉
B
= C1,0 |χ〉A ⊗ |ξ〉B ,
(M ⊗ 1) |ψ1〉AB =
(
|χ〉
〈
X1
†η
∣∣∣⊗ 1)Ω
=
1√
2
|χ〉A
∣∣∣(X1†η)
〉
B
= C0,1 |χ〉A |ξ〉B ,
Hence we obtain∣∣∣X0†η
〉
=
√
2C1,0
∣∣ξ¯〉 , ∣∣∣X1†η
〉
=
√
2C0,1
∣∣ξ¯〉 .
As the Schmidt rank of |ψ0〉AB is 2, the rank of X0 is 2,
i.e., X0 is invertible. Therefore, C1,0 6= 0, and
√
2
∣∣ξ¯〉 = 1
C1,0
∣∣∣X0†η
〉
.
Then we obtain
∣∣∣X1†η
〉
=
C0,1
C1,0
∣∣∣X0†η
〉
.
As X0 is invertible, we have
∣∣∣(X0†)−1X1†η
〉
=
C0,1
C1,0
|η〉 .
Hence |η〉 is an eigenvector of (X0†)−1X1†. The result is
also unchanged for the case that Schmidt rank of |ψ1〉 is
1.
On the other hand, suppose that the Schmidt rank
of both basis states |ψ0〉AB and |ψ1〉AB are 1. We
write |ψ0〉AB = |f〉A |ξ〉B , |ψ1〉AB = |f ′〉A |ξ′〉B. By the
assumption, |Mf〉A |ξ〉B and |Mf ′〉A |ξ′〉B have to be
parallel. From this fact, the statement holds. 
Next we present the following Lemma for the
cases where the Schmidt the Schmidt rank of |ψ0〉AB
(resp.|ψ1〉AB ) is 2.
Lemma VI.2 If the Schmidt rank of |ψ0〉AB
(resp.|ψ1〉AB ) is 2, deterministic remote destruction is
possible if and only if the matrix ( 1√
λ0
|a0〉
〈
b¯0
∣∣ +
1√
λ1
|a1〉
〈
b¯1
∣∣)(√λ′0 ∣∣b¯′0〉 〈a′0| + √λ′1 ∣∣b¯′1〉 〈a′1|)
(resp.( 1√
λ′0
|a′0〉
〈
b¯′0
∣∣ + 1√
λ′1
|a′1〉
〈
b¯′1
∣∣)(√λ0 ∣∣b¯0〉 〈a0| +
√
λ1
∣∣b¯1〉 〈a1|)) is diagonalized by some orthonormal
basis {|f0〉 , |f1〉} with eigenvalues z0, z1 ∈ C.
Furthermore, the measurement operators for determin-
istic remote destruction {Mi} are of the form
Mi = |χi〉 〈fki | , (45)
where |χi〉 is an arbitrary vector and ki = 0, 1.
Proof: Note that
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(X0
†)−1X1† = 2
(
1√
λ0
|a0〉
〈
b¯0
∣∣+ 1√
λ1
|a1〉
〈
b¯1
∣∣)(√λ′0 ∣∣b¯′0〉 〈a′0|+√λ′1 ∣∣b¯′1〉 〈a′1|
)
.
If (X0
†)−1X1† is diagonalized by an orthonormal basis
{|fk〉} with corresponding eigenvalues {zk}, then we have
X1
† |fk〉 = zkX0† |fk〉 , for k = 0, 1. We set
∣∣ξk〉 ≡
∣∣∣X0†fk
〉
. By defining M0 = |f0〉 〈f0| ,M1 = |f1〉 〈f1|,
we obtain
(Mk ⊗ 1) |ψ0〉AB = (MkX0 ⊗ 1) |Ω〉 = (|fk〉
〈
X0
†fk
∣∣∣⊗ 1) |Ω〉 = 1√
2
|fk〉A
∣∣∣X0†fk
〉
B
=
1√
2
|fk〉A
∣∣ξk〉
B
,
(Mk ⊗ 1) |ψ1〉AB = (MkX1 ⊗ 1) |Ω〉 = (|fk〉
〈
X1
†fk
∣∣∣⊗ 1) |Ω〉 = 1√
2
|fk〉A
∣∣∣X1†fk
〉
B
=
2√
2
z¯k |fk〉A
∣∣ξk〉
B
.
Hence we have (Mk ⊗ 1) (α |ψ0〉AB + β |ψ1〉AB) =(
(α+ 2βz¯k)/
√
2
) |fk〉A ∣∣ξk〉B , and remote destruction is
possible.
Conversely, suppose that a measurement represented
by {Mi}i of deterministic remote destruction is possible.
Then, from Lemma VI.1, we have Mi = |χi〉 〈ηi|, where
|ηi〉 is an eigenvector of (X0†)−1X1†. If (X0†)−1X1†
has only one eigenvector, then it is impossible to obtain∑
iM
†
iMi = I. Therefore, (X0
†)−1X1† has two eigen-
vectors. However, if we can not take them orthogonal to
each other, it is again impossible to have
∑
iM
†
iMi = I.
Therefore, (X0
†)−1X1† has two orthogonal eigenvectors,
which means that it is diagonalized by the orthonormal
basis, andMi has to be given as in Eq.(45). The proof for
the case that the Schmidt rank of |ψ1〉AB is 2 is identical.

Now we present a Lemma for the cases where both of
the basis states {|ψ0〉AB , |ψ1〉AB} have the Schmidt rank
1.
Lemma VI.3 If the Schmidt rank of both of |ψ0〉AB and|ψ1〉AB are 1, then deterministic remote destruction is
possible if and only if |ψ0〉AB , |ψ1〉AB are of the form
|ψ0〉AB = |a0〉A |b0〉B , |ψ1〉AB =
∣∣a⊥0 〉A |b′0〉B , (46)
where |a0〉A ,
∣∣a⊥0 〉A are orthogonal. The measurement
operators {Mi}i are of the form
Mi = |χi〉 〈ηi| .
Here, the vector |ηi〉 have to be |a0〉 or
∣∣a⊥0 〉 if |b0〉B , |b′0〉B
are not parallel to each other, while it can be an arbitrary
vector if |b0〉B , |b′0〉B are parallel to each other.
Proof: If {|ψ0〉AB , |ψ1〉AB} are of the forms given
by Eq. (46), then we can take {M0 = |a0〉 〈a0| ,M1 =∣∣a⊥0 〉 〈a⊥0 ∣∣} for destruction. Conversely, suppose that by
performing a measurement represented by {Mi}i, deter-
ministic remote destruction is possible. We represent the
basis states as
|ψ0〉AB = |f〉A |ξ〉B , |ψ1〉AB = |f ′〉A |ξ′〉B .
Note that either 〈f, f ′〉 = 0 or 〈ξ, ξ′〉 = 0 should hold.
By Lemma VI.1, Mi has to be either of the form 1-3 in
the Lemma. If 〈f, f ′〉 6= 0, we have 〈ξ, ξ′〉 = 0 and the
situation 3 cannot occur. Therefore, M has to of the
form Mi = |χi〉
〈
f⊥
∣∣ or Mi = |χi〉
〈
f ′⊥
∣∣∣. However, as
we have 〈f, f ′〉 6= 0, we also have
〈
f⊥, f ′⊥
〉
6= 0 and
Mis can not satisfy
∑
iM
†
iMi = I. Hence we obtain〈f, f ′〉 = 0. Again by Lemma VI.1, if |ξ〉B and |ξ′〉B
are not parallel, each Mi has to be of the form Mi =
|χi〉 〈f |, Mi = |χi〉 〈f ′| while if they are parallel, then
Mi = |χi〉 〈ηi| for an arbitrary |ηi〉. 
Now, let us prove Theorem II.2 for remote destruc-
tion. From Lemma VI.2, if |ψ0〉AB has Schmidt rank 2,
destruction is possible if and only if
(X†0)
−1X†1 = z0 |f0〉 〈f0|+ z1 |f1〉 〈f1| ≡ Z†,
for some orthogonal basis f0, f1. This is equivalent to
X1 = ZX0,
Z†Z = ZZ†. (47)
Using orthogonality condition (b1, b
′
0) = (b0, b
′
1) = 0, one
can easily check that Eq. (16) implies Eq. (47). Below,
we show that Eq. (47) implies Eq. (16).
Now, using Schmidt decomposition, we have X0 =√
λ0 |a0〉
〈
b¯0
∣∣ + √λ1 |a1〉 〈b¯1∣∣ . Representing Z in this
basis as Z = a |a0〉 〈a0| + b |a0〉 〈a1| + c |a1〉 〈a0| +
d |a1〉 〈a1| , Eq. (47) can be written as X1 = ZX0 =√
λ0 (a |a0〉+ c |a1〉)
〈
b¯0
∣∣ + √λ1 (b |a0〉+ d |a1〉) 〈b¯1∣∣ . Us-
ing the conditions TrX†1X1 = TrX
†
0X0, T rX
†
0X1 = 0
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we obtain
λ0(|a|2 + |c|2) + λ1(|b|2 + |d|2) = λ0 + λ1, (48)
and
λ0a+ λ1d = 0. (49)
On the other hand, Eq. (47) requires
|b| = |c|, ab¯+ cd¯ = ca¯+ db¯. (50)
Combining these relations, we see that a, b, c, d have to
be of the form
a =
√
λ1
λ0
cos γeiα, b = sin γeiβ ,
c = sin γe2iα−iβ , d = −
√
λ0
λ1
cos γeiα.
Substituting these, X1 is given by
X1 = |a0〉
〈√
λ1 cos γe
−iα ∣∣b¯0〉+√λ1 sin γe−iβ ∣∣b¯1〉
∣∣∣
+ |a1〉
〈√
λ0 sin γe
−2iα+iβ ∣∣b¯0〉−√λ0 cos γe−iα ∣∣b¯1〉
∣∣∣ .
Note that
√
λ1 cos γe
−iα ∣∣b¯0〉 + √λ1 sin γe−iβ ∣∣b¯1〉 and√
λ0 sin γe
−2iα+iβ ∣∣b¯0〉 − √λ0 cos γe−iα ∣∣b¯1〉 are orthogo-
nal. Hence this decomposition in the matrix form gives
the Schmidt decomposition of the vector |ψ1〉AB, and we
obtain Eq. (16).
VII. SUMMARY AND DISCUSSIONS
In this paper, we present necessary and sufficient con-
ditions for remote extraction and destruction of single-
qubit information encoded and spread in two-qubit
states. The conditions show that there are ways to spread
qubit information into a two-qubit Hilbert space in a
less “non-local” manner, namely, the recovery (extrac-
tion) of qubit information at one of the qubits and ir-
reversible erasure (destruction) of qubit information can
be achieved by measurements on only one of the qubits
and classical communications, even though the encoded
two qubit states are entangled in general.
The main part of the paper is devoted to the proof of
necessity for remote extraction shown in seven steps. By
introducing the notation of extraction measurements (E-
measurements), which are local measurements preserving
orthogonality of the basis states for encoding and equal
probability for measuring each basis state, we evaluate
the conditions of the basis states for the existence of E-
measurements. We have derived necessary and sufficient
conditions for basis states for encoding and the explicit
form of measurements.
Necessary and sufficient conditions for remote extrac-
tion indicate the possibility of sharing qubit information
between two parties in an asymmetric manner, namely,
we can spread qubit information such that it can be
remotely extracted to only one of the parties by using
LOCC but not to the other party. Since impossibility
of LOCC tasks implies the existence of a kind of non-
locality, the possibility of asymmetric qubit information
sharing indicates that such non-locality can be asymmet-
ric between two parties. The obtained necessary and
sufficient conditions for remote destruction indicate that
such asymmetric non-locality for irreversibly destroying
qubit information can also be introduced, but the condi-
tions for asymmetric cases are not compatible with those
for remote extraction. Remote destruction by one of the
parties is possible if and only if remote extraction at that
party is possible.
If we consider Alice’s system in our model as an
environment, it is a similar situation to quantum lost
and found considered by Gregoretti and Werner in [8].
In their paper, they have obtained necessary and suf-
ficient conditions for extracting quantum information
spread over the system and environment due to the
system-environment coupling, by measuring the environ-
ment and performing conditional operations on the sys-
tem. By using quantum information theoretical analy-
sis, they have proven that extraction is possible if and
only if when a map Λ for the system state |φ〉S can be
represented by the random unitary channel Λ(|φ〉S) =∑
k pkuk |φ〉S 〈φ|u†k, where {uk} is a set of random uni-
tary operators acting on the system qubit, and pk is prob-
ability satisfying
∑
k pk = 1.
We note that our remote extraction can be regarded
as a special case where both the system and environ-
ment consist of a single qubit, however we consider the
conditions for general LOCC whereas they consider only
one-way (from the environment to the system) LOCC for
quantum information extraction. In the case of the sin-
gle qubit system-environment, a purification of the map
Λ gives a corresponding transformation describing the
spread of qubit information to the two parties, the sys-
tem and environment;
|αe0 + βe1〉S →
√
p0 |g0〉E ⊗ u0 |αe0 + βe1〉S
+
√
p1 |g1〉E ⊗ u1 |αe0 + βe1〉S (51)
for arbitrary α and β, where {|g0〉E , |g1〉E} is an or-
thonormal basis of the environment. They are equiva-
lent to our LOCC extraction conditions for basis states
given by Eqs. (5) and (6). Therefore, the encoding con-
ditions for remote extraction of qubit information spread
into two-qubit states are same for both one-way LOCC
and general LOCC, in spite of the inapplicability of the
Lo-Popescu theorem to this task.
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